Abstract-We present in this article a traffic flow model for metro lines. It is a discrete event model written in the max-plus algebra, where the traffic dynamics take into account time constraints such as minimum train inter-station running times, minimum train dwell times on platforms, and minimum safety times between successive trains. We show that the dynamics admit a unique stable stationary regime. Moreover, the asymptotic average train time-headway, dwell time, as well as safe-separation time, are derived analytically, as functions of the number of moving trains on the metro line. This derivation allows the comprehension of the traffic phases of the train dynamics.
I. INTRODUCTION
Although the transport of passengers by metro is known to be one of the most efficient, safe, and comfortable public transport mode in urban and sub-urban areas, it is also known to be naturally unstable when exploited at high frequencies [1] . Indeed, on a metro line operating at a high frequency, where the capacity margins are reduced, train delays are amplified and rapidly propagated through the line. In severe disruptions, the delays may affect many lines of the railway network.
The optimization and the optimal control of the railway traffic management necessitate an in-depth comprehension of the physics of traffic. Railway dynamic traffic models are in general embedded in traffic control models, and therefore depend on the adopted control strategies. Several railway traffic control approaches exist in the literature; see for example [19] , [2] , [5] for recent reviews.
We are concerned here with an algebraic modeling approach of the train dynamics. Algebraic approaches for railway traffic modeling and control have been initiated by Goverde [20] , [21] , who developed a max-plus algebra model for the analysis of timetable stability and robustness against delays. The approach permits to evaluate the realizability and stability of timetables by max-plus spectral analysis, and to assess their robustness against delays, using critical path algorithms. The model has been applied to the Dutch national railway timetable. Our approach is different from that of Goverde [20] , [21] . We are interested here (in this Part I article), in the comprehension of the physics of railway Université Paris-Est, COSYS, GRETTIA, IFSTTAR, F-77447 Marne-laVallée, France. * Corresponding author: nadir.farhi@ifsttar.fr traffic, rather than its control and stability analysis. We do not consider reference time tables in our models.
We propose a traffic model for the train dynamics. The model is able to explain the physics of traffic in the case where the train dwell times on platforms take into account only the train dynamics (safety times, time-headways, etc.) independent of the passenger volumes and destinations. The objective here is to wholly understand the physics of traffic in this case, in order to extend the approach to the case where dwell times are set in feedback on both train dynamics and passenger arrivals [17] , [18] .
We are inspired here by algebraic models of road networks treating the physics of traffic [7] , [9] , [8] . The main traffic model used in those references is the cellular transmission model (CTM) [6] . It consists in discretizing a given road into a number of sections, and then deriving the car-dynamics by expressing the cumulated traffic flow passing through the road sections in function of the initial car-densities in the sections, and taking into account the characteristics of every section (fundamental diagram of traffic). In the case of onedimensional traffic modeling (a model of a stretch of road without junction), the dynamics are written linearly in the min-plus algebra [8] , [10] , [7] , [14] (see [4] for more details on the min-or max-plus algebra). This algebraic formulation permits in particular the derivation of the asymptotic average car-flow as an eigenvalue of the min-plus matrix associated to the linear system. Moreover, the asymptotic average carflow is given in function of the average car-density in the road, and independent of the initial car-densities. Therefore, the traffic phases are wholly derived. For other road traffic models with similar approaches see [15] , [12] , [13] , [16] , [11] .
We adopt here a dual dynamic modeling approach, where after discretizing the metro line in a given number of segments, we write the train dynamics by expressing train departure times from every segment (rather than cumulated traffic flow passing through each segment, as done in the road traffic). Therefore, we obtain a discrete event traffic dynamics, written in the max-plus algebra (rather than minplus algebra). The model permits an analytical derivation of the traffic phases of the train dynamics for a metro line. It takes into account constraints on inter-station running times, dwell times on platforms, as well as safety times between successive trains. As mentioned above, the effects of the passenger demand on the train dynamics, in particular on the train dwell times on platforms, are not modeled here. However, we show in [17] , [18] that our approach is extensible to traffic control models that set the train dwell times on platforms as functions of the passenger demand.
The outline of this article is as follows. In section 2, we give a short review on homogeneous linear max-plus algebra systems. In section 3, we present the traffic model and the main analytical results. In section 4, we derive and discuss the traffic phases of the train dynamics. In section 5, we draw some conclusions and make links to the Part II article, where traffic control models are given taking into account the effects of the passenger demand on the train dynamics.
II. REVIEW ON HOMOGENEOUS LINEAR MAX-PLUS

ALGEBRA SYSTEMS
As the train dynamics of the model we present here are written as a homogeneous linear max-plus algebra dynamic system, we give in this section a short review on such dynamic systems.
Max-plus algebra [4] is the idempotent commutative semiring (R ∪ {−∞}, ⊕, ⊗) denoted by R max , where the operations ⊕ and ⊗ are defined by: a ⊕ b = max{a, b} and a ⊗ b = a + b. The zero element is (−∞) denoted by ε and the unity element is 0 denoted by e. We have the same structure on the set of square matrices. If A and B are two max-plus matrices of size n × n, the addition ⊕ and the product ⊗ are defined by:
The zero and the unity matrices are also denoted by ε and e respectively.
We are interested on the dynamics of a homogeneous porder max-plus system
where
, k ∈ N is a column vector of sequences in N, and A l , l = 1, . . . , p are n × n max-plus matrices.
If we define γ as the backshift (or lag) operator applied on the sequences on N, such that:
. . , n, and then more generally γ (1) is written as follows.
where A(γ) = p l=0 γ l A l is a polynomial matrix in the backshift operator γ; see [4] , [21] for more details.
Let us notice that dynamic programming systems associated to deterministic discrete-time optimal control problems can be written linearly in the max-plus algebra.
Definition 2.1: (Generalized max-plus eigenvalue) µ ∈ R max \ {ε} is said to be a generalized eigenvalue [3] of a polynomial matrix A(γ), with associated generalized
where A(µ −1 ) is the matrix obtained by valuating the polynomial matrix A(γ) at µ −1 .
The directed graph associated to dynamic system (2), denoted by G(A(γ)), is defined by the set of nodes {1, 2, · · · , n} and by a set of arcs such that for every l such that 0 ≤ l ≤ p, an arc (i, j, l) is associated to each non-null ( = ε) entry (i, j) of the max-plus matrix A l . Moreover, a weight W (i, j, l) and a duration D(i, j, l) are associated to each arc (i, j, l) in the graph, with W (i, j, l) = (A l ) ij = ε and D(i, j, l) = l. Similarly, a weight, resp. duration of a directed cycle (circuit) in the graph is the standard sum of the weights, resp. durations of all the arcs of the cycle. Finally, the cycle mean of a given cycle c with a weight W (c) and
A polynomial matrix A(γ) is said to be irreducible, if G(A(γ)) is strongly connected.
Theorem 2.1:
A l γ l be an irreducible polynomial matrix with acyclic subgraph G(A 0 ). Then A(γ) admits a unique generalized eigenvalue µ > ε with finite eigenvectors v > ε such that A(µ −1 ) ⊗ v = v. The eigenvalue µ is given by the maximum cycle mean of
where C is the set of all elementary circuits in G(A(γ)). Moreover, the dynamic system (1) has the same asymptotic average growth rate χ for all its components, i.e. χ = χ i := lim k→+∞ x i (k)/k, ∀i, and we have χ = µ.
III. MAX-PLUS ALGEBRA TRAFFIC MODEL
We present here a traffic model for the train dynamics in a metro line. The model writes the train departure times under two constraints on the inter-station travel time (running time + dwell time), and on the safety time between successive trains. The model does not take into account the effect of passengers on the train dwell times on the platforms. However, the approach we present here is extensible to traffic control models where the train dwell times are set in feedback on the traffic state including the train positions and the passenger arrivals; see [17] , [18] . Let us consider a metro line of N platforms as shown in Figure 1 . In order to model the train dynamics on the whole line, including the dynamics on inter-stations, we discretize the inter-stations' space, and thus the whole line, on segments (or sections, or blocks). The length of every segment must be larger than the length of one train plus the maximum safety distance to be respected between any two successive trains. The discretization we consider here does not assume a fixed block signaling system for the line. On the contrary, trains are supposed to run on the line under a moving block signaling system. The segments we define here are used for counting the number of trains passing from a given point in the metro line. We consider the following notations.
N number of platforms. n number of all segments of the line. m number of moving trains. L the length of the whole line. b j ∈ {0, 1}: boolean number of trains being on segment j at time zero. We also use underline and overline notations to note the maximum and minimum bounds of the corresponding variables respectively. Thenr j ,t j ,w j ,ḡ,h j ands j and respectively r j , t j , w j , g, h j and s j denote maximum and minimum running, travel, dwell, safe separation, headway and s times, respectively.
The average on j and on k (asymptotic) of those variables are denoted without any subscript or superscript. Then r, t, w, g, h and s denote the average running, travel, dwell, safe separation, headway and s times, respectively.
It is easy to check the following relationships.
The running times of trains on inter-stations are assumed to be constant. The running times t j of trains on every segment j, are also considered to be constant. They can be calculated from the running times on inter-stations, and by means of given inter-station speed profiles, depending on the characteristics of the line and of the trains running on it. We then have t j = r j + w j andt j = r j +w j for every j.
The model we present here is built on two time constraints:
• A constraint on the travel time on every segment j.
• A constraint on the safe separation time at every segment j.
The model then combines constraints (7) and (8), and gives the kth train departure time from each segment j, as follows.
where the index j is taken with modulo n. That is to say that, for the two particular cases of j = 1 and j = n, the dynamics are written as follows.
With max-plus notations, and using the backshift operator γ, defined on section II, the dynamics (9) are written as follows.
We denote by d k the vector with components d k j for j = 1, . . . , n. The dynamics (10) are then written as follows.
where A(γ) is the following polynomial matrix.
The asymptotic average time-headway h of the trains is given as follows.
Proof: The graph G(A(γ)) associated to the matrix A(γ) is strongly connected; see Figure 2 . Therefore, by Theorem 2.1, we know that the asymptotic average growth rate h of the dynamic system (9), interpreted here as the asymptotic average time-headway of the trains, exists, and is the same for all the components of the dynamic system h = h j = lim k→+∞ d k j /k, ∀j = 1, . . . , n. Moreover, h coincides with the unique generalized eigenvalue of A(γ). Furthermore, h is obtained as the maximum cycle mean of the graph G (A(γ) ). Three different elementary circuits are distinguished in G(A(γ)); see Figure 2 . Fig. 2 . The graph G(A(γ)).
• The Hamiltonian circuit c in the direction of the train movements, with cycle mean
• All the circuits c j of two links relying nodes j − 1 and j, with cycle means
• The Hamiltonian circuitc in reverse direction of the train dynamics, with cycle mean
An important remark on Theorem 3.1 is that the asymptotic average time-headway of trains depends on the average number of trains moving on the metro line, without depending on the initial position of the trains (initial condition of the dynamic system).
IV. THE TRAFFIC PHASES OF THE TRAIN DYNAMICS
By similarity to road traffic, one can define what is called fundamental traffic diagram for train dynamics. In road traffic, such diagrams give relationships between car-flow and car-density on a road section; see for example [11] , [12] ; also extended to network (or macroscopic) fundamental diagrams; see for example [8] , [9] , [10] , [13] , [14] , [15] .
Let us first notice that the result given in Theorem 3.1 can be rewritten as follows.
where h is the average time headway, σ = L/m is the average space-headway, τ = j t j /L = 1/v is the inverse of the maximum train speed v, h min = max j (t j + s j ), ω = j s j /L, and σ = L/n is the minimum space-headway of trains on the line. Relationship (12) gives the average time-headway as a function of the average space-headway of trains. One can also write an equivalent relationship giving the average time headway in function of the average train density ρ = 1/σ.
whereρ = 1/σ is the maximum train density on the line. Let us know denote f = 1/h the average frequency (or flow) of trains on the metro line, which is, as well known, the inverse of the average time-headway of trains. Then, from (13), we obtain a trapezoidal fundamental traffic diagram (well known in road traffic) for the metro line.
where f max = 1/h min is the maximum flow of trains that can pass through one segment. v = 1/τ is the free (or maximum) train-speed on the metro line, and w = 1/ω is the backward wave-speed for the train dynamics. Relationships (12), (13) and (14) show how the average time-headway, and the average train-flow are changing in function of the number of trains moving on the metro line. Moreover, they give the (maximum) train capacity of the metro line (expressed by the average time-headway or by the average train-flow), as well as the corresponding optimal number of trains. Furthermore, Those relationships describe wholly the traffic phases of the train dynamics.
Theorem 4.1: The asymptotic average dwell time w and safe separation time g are given as follows.
where w = j w j /n, r = j r j /n and g = j g j /n. Proof: We have
• By (5) and (6), w = t − r = (m/n)h − r, then we replace h using (13).
• By (4) and (6), g = r + s = r + ((n − m)/n)h, then we replace h using (13) . Or directly form (6), we have g = h − w, then we replace h using (13) and w using (15) . Figure 3 illustrates the relationships (12), (13), (14), (15) and (16) According to Figure 3 , the maximum average frequency for the considered metro line is about 51 trains/hour, corresponding to an average time-headway of 71 seconds. The optimal number of moving trains to reach the maximum frequency is 20 trains. Formulas (15) and (16) are important for developing adaptive real-time traffic control models where the dwell times w are set in feedback on the node safe-separation times g, and possibly on the number or the density of passengers on the platforms and/or the passenger arrival rates to the platforms; see [17] , [18] . Theorems 3.1 and 4.1, and formulas (12), (13) and (14) allow the description of the traffic phases of the train dynamics in the metro line. Three traffic phases are distinguished. We notice that the average asymptotic dwell time w takes into account both the average dwell times on the platforms, and the average dwell times on non-platform segments. However, the dwell time on a non-platform segment summed with the constant running time on the segment gives the travel time on the considered segment (t = r + w), which can be considered as a realized (non constant) running time, with zero dwell time.
Free traffic phase. (0 ≤ ρ ≤ f max /v). In this phase trains move freely on the line, which operates under capacity, with big average time-headways. Moreover, the average time-headway is given by the sum of the minimum dwell time with a big average safe-separation time; see (13) , (15) and (16) . The average dwell time is independent of the number of moving trains, while the average time-headway as well as the average safe-separation time decrease rapidly with the number of moving trains on the line; see (3) . We notice that the average train flow (or frequency) increases linearly with respect to the number of trains moving on the line. Similarly, the average time-headway increases linearly with respect to the average space-headway; see (3) .
Maximum train-capacity traffic phase. (f max /v ≤ ρ ≤ ρ − f max /w ). In this case, the metro line operates at its maximum train-capacity. The latter is constant, i.e. independent of the number of moving trains. The average dwell time w increases linearly with the number of the moving trains. The average safe-separation time g decreases linearly with the number of moving trains. The average time-headway h = g + w remains constant and independent of the number of moving trains. The optimum number of moving trains on the line is attained at the beginning of the this traffic phase, as the passengers are not taken into account. This optimum number is Lf max /v corresponding to the train-density f max /v. However, in the case where passengers are taken into account, it could be interesting to increase the number of moving trains on the line. Indeed, although the average time-headway remains constant during this phase, the average dwell time increases, while the average safe separation time decreases with the increasing of the number of trains moving on the line. This induces more time to passengers to go onto the trains, in one hand side, and less average safe-separation time, so less time for the accumulation of passengers on platforms, on the other hand side, without affecting the average time-headway; see Figure 3 .
Congestion traffic phase. (ρ − f max /w ≤ ρ ≤ρ). In this case, trains bother each other on the line, which operates under capacity, with big average time-headways. The average time-headway is composed of the sum of big average dwell times with the minimum safe-separation time; see (13) , (15) and (16) . The average safe-separation time is independent of the number of moving trains, while the average timeheadway, as well as the average dwell time increase rapidly with the number of moving trains on the line. We notice that the average train-flow (or frequency) decreases linearly with the number of trains moving on the line; see(3).
V. CONCLUSIONS
We proposed in this article a max-plus algebra model for the train dynamics in metro lines. The model permitted an analytical derivation of the traffic phases of the train dynamics, without taking into account the effects of the passenger demand, in particular on the train dwell times on platforms. Three traffic phases are distinguished in the train dynamics, with respect to the number of trains moving on the line. Formulas of the train-frequency, headway, dwell time as well as safe-separation time in function of the number of trains moving on the line, are obtained. Our approach is extensible to the case where the effect of passengers is taken into account in the train dynamics [17] , [18] .
